In this paper, we study (2 + 1)-dimensional quantum anomalous Hall states, i.e. band insulators with quantized Hall conductance, using the exact holographic mapping. The exact holographic mapping is an approach to holographic duality which maps the quantum anomalous Hall state to a different state living in (3 + 1)-dimensional hyperbolic space. By studying topological response properties and the entanglement spectrum, we demonstrate that the holographic dual theory of a quantum anomalous Hall state is a (3 + 1)-dimensional topological insulator. The dual description enables a new characterization of topological properties of a system by the quantum entanglement between degrees of freedom at different length scales.
I. INTRODUCTION
Holographic duality, also known as the anti-de-Sitter space (AdS)/conformal field theory (CFT) duality, is a duality between a (d + 1)-dimensional gravity theory (bulk theory) and a d-dimensional quantum field theory [1] [2] [3] [4] (boundary theory). Originally proposed for the (3 + 1)-dimensional SU(N ) super Yang-Mills theory, holographic duality has been generalized to many other systems. From the point of view of a d-dimensional quantum field theory, the additional dimension in the dual (d + 1)-dimensional theory can be interpreted as an energy scale (or length scale), such that the dual theory is a generalization of renormalization group approach to the quantum field theory 5, 6 . With such a physical interpretation, holographic duality has been applied as a new way to describe strongly correlated quantum many-body systems 7, 8 .
Although there has been a lot of evidence for holographic duality in various theories, a microscopic description of this duality is in general an open question. More specifically, for a given quantum field theory it is generally unknown whether the dual theory exists and, if it exists, how is the dual theory described. As an effort towards a microscopic description, an approach named as exact holographic mapping (EHM) has been proposed 9 by one of us. Inspired by the role of quantum entanglement in holographic duality [10] [11] [12] [13] [14] , the EHM approach defines a unitary mapping from the boundary theory to the bulk theory, and proposes a measure of the bulk geometry (for the coordinate choice given by the mapping) determined by the bulk correlation functions. More details about this approach will be discussed later in this article.
In this work, we apply the EHM approach to a topological state of matter, the quantum anomalous Hall insulator (also known as the Chern insulator). Topological states of matter are gapped states which are distinct from trivial insulators by topological properties, such as robust gapless edge states, topological response properties and/or ground state degeneracy. The integer quantum Hall state is the first electronic topological state of matter 15 . In the past decade, the understanding to topological states of matter has been greatly expanded since the discovery of time reversal invariant topological insulators and topological superconductors [16] [17] [18] [19] . Naively, one may expect the holographic dual theory of a topological state to be trivial, since there is no low energy excitations in the infrared (IR) limit. Usually, the dual geometry of such a gapped system terminates at a "end-of-the-world brane" at the infrared end, with its position in the emergent direction determined by the energy gap. For topologically ordered states with a fixed point wavefunction description 20 , the multiscale entanglement renormalization ansatz (MERA) approach has been applied to construct a dual theory that has the topological information completely encoded at the infrared brane 21 . 22 However, as we will show in this work, the situation is more nontrivial for fermionic topological states such as quantum Hall states, since a fixed point wavefunction with zero correlation length does not exist.
By applying the EHM approach to a quantum anomalous Hall (QAH) state, i.e. a quantum Hall state without an orbital magnetic field [23] [24] [25] [26] [27] , we show that the dual bulk theory is a three-dimensional time reversal invariant topological insulator (TI), see Fig. 1 . The topological insulator occupies a slab of finite thickness in the emergent direction, and the time reversal breaking necessary for the original quantum Hall state occurs at its surfaces. Physically, the position of the bulk TI surfaces correspond to length scales which contribute nontrivially to the topological invariant, i.e. the quantized Hall conductance. The fact that the bulk is a TI is a direct manifestation of the nontrivial quantum entanglement between degrees of freedom at different length scales in a QAH state. As an explicit verification of the bulk topological property, we study the entanglement spectrum of the system with an entanglement cut in the emergent bulk direction. This corresponds to the study of the entanglement between long-wavelength and short-wavelength degrees of freedom in the QAH state, which are well-defined only after performing the EHM transformation. With such a bulk entanglement cut, we obtain a gapless entanglement spectrum with odd number of massless Dirac cones, a fact that directly verifies the TI nature of the bulk theory [28] [29] [30] [31] . Our result can be generalized straightforwardly to free fermion topological states in higher dimensions or in other symmetry classes, which suggests that nontrivial quantum entanglement between different energy scales and the duality between states in different dimensions are generic features of fermionic topological states of matter.
The remainder of this article will be organized as follows. In section II, we briefly review the exact holographic mapping, and generalize it to (2 + 1)-d fermion systems. In section III we study the bulk dual theory of a (2 + 1)-d QAH state, and demonstrate its topological nature by a Chern number density calculation. In section IV we study the entanglement spectrum of the bulk theory, which provides further demonstration of its TI nature, and also defines a new entanglement probe of the QAH state. Finally, the conclusion and discussions are given in section V.
II. BRIEF REVIEW OF THE EXACT HOLOGRAPHIC MAPPING(EHM)
Ref. 9 proposed a new approach to holographic duality known as the exact holographic mapping (EHM). An EHM is a unitary mapping M : H 1 → H 2 that maps between two Hilbert spaces H 1 and H 2 . Since the mapping is unitary, the two Hilbert spaces have the same dimension. However, the mapping M is defined by a unitary tensor network (also known as a quantum circuit), such as the one in Fig. 2 , which defines a tensor-product decomposition of H 2 into bulk "lattice sites" that is different from the decomposition of H 1 into boundary sites.
The emergent direction perpendicular to the boundary has physical meaning of energy scale.
FIG. 2.
A (simplest) example of the tensor network used to define the EHM. Each vertex is a two-site unitary transformation that transforms (in the upward direction) two input sites (below) to two output sites (above). One of the output sites (blue dot) is considered as a bulk site, which contains the high energy degrees of freedom of the two input sites. The other site, containing the low energy degrees of freedom, becomes the input of the next layer (level in the tree). The whole network is a composition of these layers of unitary operators, which defines the unitary mapping M . The number of bulk sites (blue dots and the red dot at the top) is equal to the number of boundary sites (black dots). Bulk sites closer (farther) from boundary correspond to higher energy (lower energy) degrees of freedom.
Once the unitary mapping is defined, bulk correlation functions can be used to probe the geometry in the bulk, such that the geometry formed by bulk sites is "emergent" from the correlation structure rather than given externally. More explicitly, the spatial geometry can be determined by computing the two-site mutual information I(x, y) = S x + S y − S xy between two bulk sites. Here S x and S y are the von Neumman entropy of two bulk sites (for a given state ρ bulk = M ρ boundary M † ), and S xy is the joint entropy of the two sites together. The distance between these two sites is defined as
Here I 0 = 2 log D, with D the dimension of Hilbert space on each site, is the maximally possible two-site mutual information. ξ is a correlation length, which is an overall unit of scale.
With a given definition of unitary mapping M and the distance definition (1), the emergent geometry in the bulk can be studied for different boundary states. Refs. 9 and Ref. 32 studied the (1 + 1)-d free fermion model and investigated the bulk geometry corresponding to different states on the boundary such as massless fermion ground state, massive fermion ground state and massless fermion finite temperature ensemble, etc. In the examples therein, the two-site unitary mapping at each vertex of the EHM network is defined by the following single-particle unitary transformation:
When the transformation acts on single-particles, the EHM is mathematically equivalent to a wavelet transformation 32 . The particular choice of mapping here corresponds to Haar wavelets [33] [34] [35] . 
For example, we can choose a boundary with two component spinors a i,0 = c i , 1 j 2 N and a Dirac Hamiltonian in momentum space:
Correspondingly all the transformed fermions b i,n and a i,n are also two-component spinors.
Following the definition of distance in the bulk (Eq. 1), one can study the emergent space-time geometry for a given state. For the above Dirac model at mass m = 0 and temperature T = 0, the bulk geometry in large scale is scale-invariant and reduces to approximately the Antide Sitter space AdS 3 . With m = 0 and a finite temperature T > 0, the geometry becomes a black hole geometry, which can be verified by both spatial correlation functions and Euclidean time-direction correlation functions. For the model with a finite mass m = 0 at zero temperature T = 0, the geometry contains a spatial termination surface in infrared limit, while the red shift in time-direction remains finite at this surface. In this case the geometry is similar to a "confinement geometry"
2 . Although the original EHM for free fermion is defined for a (1 + 1)-d boundary system, it is straightforward to extend it to arbitrary dimensions 32 by declaring that at each step, we apply the transformation V i to all the directions.
For instance, in (2 + 1)-d we can defined an EHM via the following two-step transformation (see Fig. 3 ):
In this paper, we will apply this mapping to the following (2+1)-d free fermion system with the Dirac Hamiltonian: This simple two-band model has topological phases with quantized Hall conductance 24 for the ranges of mass m ∈ (−2, 0) and m ∈ (−4, −2). Such a quantum Hall phase without orbital magnetic field is known as quantum anomalous Hall (QAH) state or Chern insulator 23, 24 . In the following, we will study the dual geometry of this system and especially the manifestation of its topological properties in the bulk theory. We will also discuss more generic models with QAH phases.
III. IDENTIFYING THE BULK THEORY (I): CHERN NUMBER DENSITY
After defining the EHM that maps a (2 + 1)-d system to a (3 + 1)-d system, it is natural to ask whether the topological properties of the (2 + 1)-d model have counterparts in the (3 + 1)-d dual theory. In this section and next section, we will show two different evidences that the dual theory of a gapped Dirac model is a (3 + 1)-d topological insulator with T-breaking surfaces. The first evidence discussed in this section is the Chern number density distribution in the bulk system. The Chern number density, as we will define soon, determines the Hall conductance of the bulk system. By showing that the quantized Hall conductance of the (2 + 1)-d Dirac model is carried by two regions in the bulk, each carrying half quantum of the Hall conductance, we can prove the bulk theory is a TI.
A. Chern number density and EHM
We start by reviewing the definition of Chern number in a band insulator. In general, the single-particle Hamiltonian of a theory with N energy bands can be written as a N × N matrix h(k). Denote |sk , s = 1, 2, ..., N as the eigenstates of h(k), such that h(k) = 
where
and {a µ } are M by M matrices, whose matrix elements a αβ µ (k) = i αk|∂ µ |βk are the (non-abelian) Berry connections of occupied bands. Since the first Chern number c 1 only depends on the trace of the Berry curvature f µν , the expression (6) applies for any choice of basis |α k , α = 1, 2, ..., M that spans the space of occupied states, i.e. each α does not have to label an energy band by itself, but can instead be a superposition of the bands.
In a (3 + 1)-d band insulator, the Hall conductance σ ij is not necessarily quantized. However, if we consider a thin film of a (3 + 1)-d material, with translation symmetry in the x, y directions and open boundary condition in the z direction, the total Hall conductance σ xy (integrated over the thickness in the z direction) is still quantized, since one can view the thin film as a two-dimensional system and the third dimension as an "internal" degree of freedom. Labeling the states by zdirectional real space position n and x, y-directional momenta k = (k x , k y ), we can use a basis |nsk , with s labeling the energy levels at the same nk. This basis defines a projector to n-th layer P n (k) = s |nsk nsk|. Using this projector we can define the Chern number density
which is the contribution of n-th layer to the Hall conductance: σ xy (n) = c(n)
h . By definition, the sum of c(n) gives the quantized net Chern number c 1 = n c(n).
Now we study the Chern number density of the bulk obtained by EHM. Each step of EHM explicitly breaks lattice translation symmetry and doubles the unit cell in both directions. Denoting T x , T y as the original lattice translation symmetries, after N steps of mapping the residual translation symmetry is T We can always take a system size 2 N so that after N steps of mapping the residual translation symmetry still acts nontrivially on the system. Therefore after N steps the corresponding Brillouin zone will be folded into a [− N bands in the reduced Brillouin zone. We can then explicitly write down the basis transformation in momentum space, see appendix A for details and expressions. With the EHM basis transformation, it is straightforward to construct the projection operator and compute the Chern number density. The numerical data is shown in Fig. 4 . . Generically, the IR peak arises from the Berry curvature contributions of the massive Dirac cone, while the UV peak arises from states near the Brillouin zone boundary, which provide UV regularization of the massive Dirac cone.
B. Identifying bulk holographic topological insulator
The numerical results in Fig. 4 show two peaks in the Chern number density for the bulk EHM dual of the model (Eq. 5). The locations of the peaks corresponds to two different length scales that contribute to Berry curvature: the left peak at UV scale corresponding to the Berry curvature at high momentum around the Brillouin zone boundary, while the right peak corresponds to the Berry curvature accumulated near k = 0 (IR) point, which we will call IR peak in this paper. A Dirac fermion with a small mass m has a sharp peak of Berry curvature in momentum range |k| ∼ m. Indeed, we see that the right peak moves deeper into the IR(larger n) when we decrease the mass gap of the Dirac cone. The peak position is approximately n ∼ − log 2 (|m|). (For more discussion about the mass dependence of the IR peak, see Appendix B)
In the small mass limit m 1, each peak contributes half of the Chern number. Physically, this means the Hall conductance σ xy of the bulk state concentrates around two surfaces corresponding to the two peak positions, and each surface contributes a Hall conductance e 2 2h . This observation immediately tells us that the bulk theory can be viewed as a slab of three-dimensional topological insulator with time reversal symmetry breaking surfaces. The electromagnetic response of a (3 + 1)-d topological insulator is described by the topological term 36, 37 (in addition to the ordinary Maxwell terms):
The theta angle θ ∈ [0, 2π) is determined by the electronic state, and is restricted to θ = 0 (trivial insulator) or π (topological insulator) for time reversal invariant systems. The topological response theory still applies when there is time reversal symmetry breaking on the surface of TI, which leads to a gapped surface. In this case, the angle θ deviates away from 0 or π near the boundary. By an integration by parts we obtain
shows that the gradient of θ has the physical interpretation of Hall conductance 36 . In a system with boundaries in the z direction, we have
Across each surface of a TI, the phase θ winds by π mod 2π, which leads to a half-integer Hall conductance at each surface. With this understanding, in the EHM case we can obtain the value of θ(n) as a function of z-direction position by integrating over the Chern number density c(n): θ(n) = 2π n m=1 c(m). The resulting θ(n) is shown in Fig. 5 . In the small mass limit, a plateau emerges at θ = π, corresponding to the bulk region of TI.
Numerical results of θ angle for Dirac models with different masses. One can observe that plateaus emerge at θ = π for small masses.
The holographic topological insulator obtained above has one surface at the scale of the Dirac mass and the other surface at the UV boundary. In general, we can have multiple Dirac cones in a (2 + 1)-d band insulator. For example, consider a simple four band model:
Here σ and τ are two sets of Pauli matrices, and the time reversal operator in this basis is T = iσ y τ x K. H describes two decoupled massive Dirac models, with masses m 1 = −m + m and m 2 = m + m (0 < m < m). This model has been proposed as the low energy effective description of Mn doped HgTe quantum well. 25 If m = 0, the two are time reversed pairs, and therefore the Berry curvature vanishes everywhere in BZ. In terms of the Chern number density picture introduced in the previous section, m = 0 corresponds to the case that two opposite profiles of Chern number density cancel each other.
When m = 0 the two decoupled Chern insulators are not exactly time reversed pairs, and a pair of opposite peaks of Chern number density emerges in IR at scales |m 1 | and |m 2 |. The Chern number density at UV region remains zero. In the bulk picture (Fig. 6 (b) ), this system corresponds to a TI with opposite T-breaking surfaces in the bulk, with total Hall conductance σ xy vanishing. In summary, there are two peaks of Chern number density in the bulk dual of a massive Dirac model, each of which carries Chern number 1/2. One peak (IR) originates from the nontrivial Berry curvature carried by the low momentum region around the Dirac cone, and the other peak (UV) from its lattice regularization near the Brillouin zone boundary. The net Chern number of the two-dimensional system determines the relative sign of these two peaks. In a general model with multiple Dirac cones, there are a sequence of "branes" in the bulk, each of which carries a Chern number 1/2. Neighboring bulk regions separated by such a brane are topologically different three-dimensional insulators with opposite Z 2 invariants. In particular, even a trivial (2 + 1)-d insulator can correspond to a dual theory with TI regions, as long as the net Chern number on all TI surfaces vanish.
C. Discussions on the bulk geometry
The multiple mass-scale case, e.g. model 11, also has an interesting bulk geometry defined via the EHM. The geometry corresponds to such a model is essentially a truncated AdS space consisting of two AdS domains with different curvatures. The approximate metric capturing the asymptotic behavior of the distance is the following:
More precisely, we determine the geometry from the physical mutual information according to the general principle of EHM, see Ref. 9 . In a massive theory, the mutual information between two distant point has the form 
one obtains R1 ξ1 = R2 ξ2 = 6 and R 2 = 6 √ 2R 1 . It is worth mentioning that the analysis here is consistent with intuition from the AdS/CFT correspondence in the large N limit, where the AdS radius R of the semiclassical geometry is determined by the central charge of the boundary CFT. Here, the central charge of the boundary model Eq. (11) decreases 2 to 1 and then to 0 in renormalization group flow upon increase of the length scale, corresponding to the z dependence of AdS radius. Such a decrease of central charge is, of course, consistent with the c-theorem.
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IV. IDENTIFYING THE BULK THEORY (II):
ENTANGLEMENT SPECTRUM
A defining feature of topological insulators is the presence of gapless surface states on time-reversal invariant surfaces. As was discussed above, the surfaces we naturally have in the 3 dimensional EHM bulk are not time reversal symmetric, so there is no gapless surface at hand. However, there is another kind of surface states that characterize the topological nature of the TI bulk, which are those in the entanglement spectrum. In order to study the gapless surface states in entanglement spectrum, we introduce an entanglement partition in the interior of TI region, where time reversal symmetry is preserved. More explicitly, as shown in Fig. (7) , we divide the whole system into two parts A and A C . The density matrix of the state in the whole system is denoted as ρ = |ψ ψ|, with |ψ the ground state. The reduced density matrix ρ A and entanglement Hamiltonian [43] [44] [45] H A for subsystem A are defined by the partial trace:
The entanglement spectrum is defined as the eigenvalue spectrum of H A .
We choose the entanglement cut to be a constant z plane, such that we have a residual translation symmetry in the bulk layers. Therefore we are still able to talk about the entanglement spectrum as a function of momentum q in the folded Brillouin zone. Furthermore, for non-interacting fermions, H A is also quadratic 43 , which can be written as H A = q a † q h A (q)a q . Here h A (q) is a single-particle entanglement Hamiltonian with multiple bands, with a q the corresponding annihilation operators. h A (q) can be determined by the two-point functions C A (q) := P A a † (q)a(q) P A , which is the two-point function of the ground state truncated 43 to region A:
With this, we can calculate the entanglement spectrum via the explicit EHM transformation and the boundary single particle hamiltonian (5) .
The numerical results for low energy entanglement spectrum are shown in Fig. (8a) surfaces in the UV and IR are well-separated. In the middle plot (n = 14) depicting the regime between the UV and IR c(n) peaks, where the time reversal breaking c(n) is almost vanishing, the gap closes at three momentum points (π, 0), (0, π) and (π, π), each with a linear dispersion. The odd number of Dirac cones in the entanglement spectrum is consistent with the nontrivial Z 2 topological nature of the TI bulk. 29, 30 In Fig. (8b) , we also demonstrate a systematic scan of the minimal gap in the eigenvalue spectrum of C A (q), which directly determines the gap of entanglement spectrum. The background is colored according to the Chern number density, which indicates the location of physical surfaces with time-reversal breaking. Indeed, the entanglement gap only closes in the Z 2 nontrivial regime between the two c(n) peaks.
From the point of view of the (2 + 1)-d quantum Hall state, the entanglement spectrum with a z-direction partition we studied here provides a new measure of the intrinsic coupling between UV and IR degrees of freedom in this system. In the ordinary renormalization group approach, the low energy degrees of freedom is assumed to be in a pure state-the ground state of the low energy effective field theory, after the high energy degrees of freedom are integrated out. In contrast, in the EHM approach, UV and IR degrees of freedom are both preserved in the Hilbert space, so that the quantum entanglement between them can be studied.
V. CONCLUSION AND DISCUSSIONS
In this paper, we used a (2 + 1)-d version of the EHM to generate a quantum state in (3 + 1)-d and studied the topological properties of the bulk. By defining the Chern number density, which corresponds to the Hall conductance of a single layer in the (3 + 1)-d system, we identified the quantum state we generated as a timereversal invariant topological insulator with time-reversal breaking surfaces. The locations of the TI surfaces in the emergent z direction are determined by the correlation length scales in the (2 + 1)-d model. We further studied the entanglement properties of the state to verify this claim. By an entanglement cut in the z direction, we obtain a gapless entanglement spectrum, which is a new signature of the intrinsic entanglement between UV and IR degrees of freedom in the (2 + 1)-d state.
The gapless UV-IR entanglement spectrum also provides a new entanglement measure of quantum anomalies. If we take the limit m → 0 in the Dirac model, the bulk dual theory is still a TI, with its IR boundary pushed to the center of the AdS disk. The entanglement spectrum between UV and IR is still gapless as long as the entanglement cut is at a length scale that's much larger than the UV cutoff scale. In this limit, the IR effective theory of the (2 + 1)-d system is a massless Dirac fermion, which is known to have parity anomaly. 46, 47 In condensed matter theory language, the parity anomaly means the single Dirac cone cannot be defined in a lattice (2 + 1)-d theory without breaking time-reversal symmetry. The UV regularization always breaks time-reversal symmetry and contributes Chern number 1/2. The gapless UV-IR entanglement spectrum in the bulk dual theory is an entanglement measure of the intrinsic coupling between IR and UV degrees of freedom in the (2 + 1)-d state, as a consequence of the parity anomaly. Recently, analogous analyses of the entanglement between the UV and IR degrees of freedom have been employed in studying quantum criticality in a topological state of a free fermion system, see Ref. [48] [49] [50] , where either a symmetric partition or a random partition separates the integer Chern number into two half-integers, thereby producing nontrivial entanglement.
The EHM approach can be generalized straightforwardly to higher dimensional topological states. The correspondence between different topological states with dimension d and d + 1 is generic, and can be seen explicitly by applying EHM to lattice Dirac models. In general, the EHM approach provides a new description of topological properties of a fermion model in geometry and entanglement measures. More detailed investigation of the higher dimension cases will be reserved for future works.
In this appendix, we derive the momentum space EHM transformation according to its definition in the main text (Eq. 4), which is written in real space as: a i,2j−1,n a i,2j,n a stands for an auxiliary IR mode, which is the input of next step V y . In momentum space, we keep the same notation in naming the modes, but with subscripts being momentum: e.g. a q,n . For convenience, we rescale the folded Brillouin zone after each step to the standard one [−π, π) × [−π, π) and shift by (π, π) for the purpose in this section, i.e. each momentum q = (q x , q y ) ∈ [0, 2π) × [0, 2π). The x-direction transformation V where S is a set of points k = (k x , k y ) (this set depends on q = (q x , q y ) and n) in Brillouin zone: S = S(q, n) := {k = (k x , k y )|k x = q x + 2πm/2 n , k y = q y + 2πl/2 n ; 0 l, m 2 n −1 ∈ Z}. Y (k, n) is a complex valued function: which has degenerate eigenvalues, and thus represent gap closure in entanglement spectrum. In fact, the above symmetry argument about the gap closing points can be generalized to higher dimensional cases, where, we will expect 2 d −1 gap closing points for a d-dimensional Dirac model with a proper generalization of d-dimensional EHM.
